PHUONG TRINH CONG TINH CO-SI
Bui Ngoc Diép

Truong Trung hoc pho thong Chuyén Lao Cai
(Bai dich tit chuong 9 "Additive Cauchy Equation" trong cuén sach "Functional
Equations" ctia Titu Andreescu va Iurie Boreico)

Bai toan 97. (AMM 2001) Tim tit ci cac ham s6 f : R — R théa man
f@®+y+ f(y) =2y + f*(x) (0.1)

v6i moi s6 thuc z, .
Loi giai. Néu ta ¢d dinh x thi khi d6, vé phai (0.1) ctia phuong trinh 13 mot ham bac nhét theo bién y
nén né 1a toan anh. Do dé f 13 mot toan anh. Bdi vay néu ta c6

y1+ f(y1) = y2 + fy2)

tU gid thiét clia bai todn véi z va y = {y1,y2} ta duge
2y1 = 2yo,

diéu nay suy ra z + f(z) 1a toan anh. Do d6, ton tai ¢ thoa man f(c) = 0. Diéu nay suy ra

F(P+y+ fy) =2y.

Bay gio, ta xét hai s6 ¢6 dinh a,b. Thay ¢ = b+ f(b) —a — f(a) > 0 vao (0.1) néu = > a + f(a) khi do
ton tai v théa man ring
r=u’+a+ fla), z+d=u>+b+ f(b).
Khi dé
f(x) =2a+ f3(z), flz+c)=2b+ f3(z).
Do do, ta két luan ring
fl@+c) = fz) =2(a—1b)

v6i moi = du 16n. Diéu nay c6 nghia riang
Fa o) = fa) +d

véid=2(b—a) va
c+d=3(b-a)+ f(b) — f(a).

Cht ¥ rang f(z + ne) = f(x) + nd for v6i moi x di lén va moi s6 ty nhién n tuy y. Néu d < 0 thi
f(x 4+ nc) < 0 véi moi s6 tir nhien n di 16n. Tuy nhién, néu x + nc > f(0) thi z + nc = u? + f(0) va st
dung gia thiét véi v va 0, ta dude

f(z +nc) = f2(u) > 0.

Diéu nay 13 mau thuin. Vi vay d > 0. Khi do,
fx+ne)+x+nc=f(x)+x+n(c+d).
Diéu nay suy ra rang f(z) + x lay cac gia tri 16n tuy y. Bay gio lay mot gid tri y ndo d6. Khi d6, ta dugc

flla+e® +y+ fy) =2y + (f() +d)?



for z > xo. Gia st réng ta ¢6 f(x +u) = f(x) v6i moi z di 16n khi u > 0, ta ¢
fle+u)? +y+ fy) = f@® +y+ f(y)
Tuy nhién, ta c6 thé chon 2 théa méan ring
2zu+u? =le, 1 >0
va khi d6 chon y théa man réng y + f(y) da 16n. Ta c6

fl@+u)?+y+fy) = f@® +2zu+d® +y+ f(y) = F(@® +y + f(y)) + 1d.

Diéu nay 13 mau thuin. Ta xét g(z) = x + f(x). Lidy mot gia tri s ¢6 dinh vh = # y v6i

gz +s) —g(x) < g(y+s) —g(y).

Ta c6
ft+g(x+s)—g(@)=f(t)+2s ft+9(y+s)—g(y) = f(t)+2s
v6i moi t < tg va néu ta thay
z=t+g(x+s)—g(s),v=_(9y+s)—9(y) — (9(z +s) — g(z))

vao (0.1) thi f(z +v) = f(z) v6i moi 2 < 0. Vi v <0 ta phai c6 v = 0 do ta da chiing minh dugc ring
quan hé nay 1a khong thé xay ra véi v # 0. Do dé

gz +s)—glx) =gy +s)—gy).

Vi z,y duge chon tity ¥, ta c6 thé két luan ring

9(x +s) — g(x)

khong phu thuoc vao z. Do dé

g(z +s) — g(x) = g(s) — g(0).
Vi vay

g(z +s) +9(0) = g(z) + g(s)-
Ta dugc

h(z) = g(z) — 9(0)

&4 mot ham cong tinh, do d6 f(x) — g(0) = f(x) — f(0). Khi do, ta c6

f@? +g(y) = f(@®) + fg(y) — £(0) =2y + f3().

Do do
f@?) = f2(x) = 2y = f(9(y)).
Néu ta ¢ dinh y, ta dude
f@®) = f(x) +e
véi e ¢6 dinh. Do d6 f(z) < —e v6i < 0. Vi vay f(x) — f(0) la cong tinh v chin duéi, khi d6 sit dung
bai toan da biét ta duge f(z) — f(0) = rz v6i mdi r. Do d6 f = rz + s 1a tuyén tinh. Gia thiét

F@®) = f2(2) = 2y — f(g(v))

suy ra rang
ra’ 45— (re+s)2=2y—r((r+1y+s)—s



or
r(1—r)z® —2rsz —s2 = (2—r(r+ 1))y — (r +1)s,

diéu nay chi c6 thé xay ra néu
r(l—r)=2rs=2—-7r(r+1)=0.

Dodér=0hosicr=1.Néur =0thi 2—r(r+1) #0. Vi vay r = 1 va ta dugc s = 0. Diéu nay chi ra
ring f 13 mot 4nh xa dong nhét. Thit lai, ta thiy ring ham s6 f(z) thoéa man diéu kién bai toan.
Bai toan 98. Tim tat ca cAc ham s6 f,g,h: R — R théa mén ring

flx+y) = f(@)g(y) + h(y) (0.2)

v6i moi x,y thudc R.
Loi giai. Thay y = 0, ta dugc

vi vay
f(@)(1 = g(0)) = h(0),
hoac
1—g(0) =0,
hoac 0
h(0
f(x) m

Trong truong hop tht hai f 1a hing s6. Khi d6, néu ching ta thay f(z) = ¢ vho (0.2) ta duge ¢ =
cg(y) + h(y) véi moi ham sb6 g, h tuy ¥ v6i h(x) = ¢ — cg(x) thdéa man dicu kién bai todn. Vi vay gia st
rang f khong phai 1a ham hing. Khi d6 g(0) =1 va h(0) = 0. Thay = = 0 vao (0.2) ta dugc
fy) = F(0)g(y) + h(y)-

bat f(0) = ¢ khi d6 f(x) = cg(x) + h(z). Thay gia tri nay vao (0.2), ta c6

cg(z +y) + h(z +y) = cg(x)g(y) + h(x)g(y) + h(y).
Tit tinh dbi xting vé bén phai ciia dang thitc trén, ta duge

cg(z+y) +hz+y) = cg(x)g(y) + h(z)g(y) + h(y)

= cg(x)g(y) + h(y)g(x) + h(x).

Do do,
h(z)g(y) + h(y) = h(y)g(z) + h(z).
Vi vay
h(z)(g(y) — 1) = h(y)(g(z) — 1).

Ching ta xét cac truong hgp dudi day
a) g(r) = 1 v6i moi x. The khi d6 déng thitc (0.2) trd thanh

hz +y) = h(z) + h(y).
Diéu nay suy ra rang h 13 ham s6 cong tinh. Do d6
f=h+cg=1.

Ta thiy réng nhing ham s6 nay théa man dicu kién ctia bai toan.



b) h(z) = 0 v6i moi . Khi d6 dang thitc (0.2) tré thanh

cg(z +y) = cg(z)g(y)-

Diéu nay ching té ring hodc ¢ = 0 vi vay f = h = 0, g 1a ham s6 tly 7, day 1a nhitng ham sé théa man
diéu kién bai toan, hodc ¢ # 0 v ¢ 13 mot ham nhan tinh, f = cg, h = 0, nhitng ham s6 nay ciing thoa
méan gia thiét bai toan.

¢) Ta thay riing ton tai zg,yo thoéa man ring

9(x0) # 1,h(y0) # 0.

Néu chiing ta thay o = 29,y = yo vao (0.2) ta két luan ring

h(z0)(g(y0) — 1) # 0

SO
h(xO),g(yO) -1
1a khéc 0. Thay y = yo vao (0.2), ta co6

h(x)(g(y0) — 1) = h(y0)(g(z) — 1),

do do6
h(z) = (g(x) — 1)h(y0)g(y0) — 1.

Néu ta thay (@) = d vao (0.2) khi d6

Do d6, diéu kién ctia ta tré thanh

(c+d)g(z +y) —d=cg(x)g(y) + (dg(x) — d)g(y) + dg(y) — d = (¢ + d)g(x)g(y) — d.
Vi vay hoisic ¢ +d = 0 hosic g 1a mot ham nhan tinh. Trudng hop dau tién ta duge d = —c, vi vay
f=rcg(x) —cg(x) + c=c, h(x) = —cg(x) + ¢
Diéu nay 13 mau thudn. Trong trudng hop 2, ta duge g 13 mot ham nhan tinh va
h=dg—d,f=cg+h=(c+d)g—d.

Day la nhing ham s6 thoa man diéu kién bai toan.
Bai toan 99. Chiing minh ring moi ham cong tinh f xac dinh trén R* théa man 14 ham s6 bi chin dudi
(trén) trong mot khoang ctia RT, ¢6 dang f(z) = f(1)z v6i moi x € RT.
Loi giai. Set g(z) = f(x) — f(1)x. Khi d6 g(x) 1& mot ham cong tinh vé6i g(1) = 0. Theo phuong phéap
quy nap toan hoc, ta c6

g(nz) = ng(x)

véi moi ¥ € RT,n € N. Ta sé chiing t6 rang g(n) = 0. V6i moi k,l € N ta c6

tuc la



Khong mat tinh tong quat ta c6 thé gia sit ring ton tai hing s6 ¢ va d théa méan ring f(z) > c va
f(1)x < d trong mdi khoang ciia z € Rt . Khi d6 déng thitc g(z +r) = g(v) véi z € RY, z € QF chiing
t6 ring g(z) > ¢ — d v6i moi x € R*. Do d6

g(nz) c¢—d

g(z) = e

v6i moi n € N, tiic 1 g(z) < 0 v6i moi z > 0. Diéu nay suy ra rang ham sé g(x) 1a ting vi véi z >y > 0
ta co
9(x) = g(z —y) +9(y) < g(y).
Véi moi z € R, ta lay r,s € Q7 théa man ring r > x > s. Khi d6
0=yg(r) <g(z) <g(s)=0

diéu nay ching t6 ring g(x) = 0. Cht ¥ ring két qua clia bai toan 99 van ding néu ta thay RT bai R.
Moi ham s6 lien tuc tai mot diém hodc gidm trong mot khoang ctia RT(R) vAn thoéa man gia thiét ciia
bai toan. N6i mot cach khac, tinh cong tinh clia ham s6 1a khong bi chin trong moi khoadng ctia R(R™T).
Problem 100. (Tuymaada 2003) Tim tat ca cac ham s6 f : R™ — R théa mén ring

f(a:—i—i)—i—f(y—i-;)zf(x+;>+f(y+i) (0.3)
v6i moi x,y € RT.

Loi giai. Chung ta thiy ring ham tuyén tinh théa man diéu kién bai toan, ta sé ching minh ring chi
nghiém ham clia bai toan chi duy nhat 14 ham cong tinh. Thay y bdi % trong (0.3), ta dugc
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va su hoi tu 1a déu trong moi doan [1; C| v6i y. V6i moi b > 0 ¢6 the duge viét dudi dang duy nhat y — —
Y

1
inavéiy>1.Datgb)=f(y)—f (y) Khi do, ta dugc

g(b) = lim f(z+0b) - f(z)

T—00

R6 rang ta thiy rang g(a + b) = g(a) + g(b) va vi g 1a lién tuc, ta tim duge g(z) = cz. Bay gio, ta gia st
rang ¢ = 0. Khi d6, lay f(z) — cx thay thé f. Ta dugc

va vi vay

lim (f(z+a)~ f(x)) =0

hoi tu déu a € [0; C). Lay y ¢6 dinh let x — oo. Diéu kien

plorg)r(veg) =1 (o) +s(ves)
e )

P . L s . 2 L oaz 1 1
Ta thay réng vé phai tién dén 0 trong khi dén vé trai tién dén f (aj + x) —f(z).Dodo f (m + x) = f(z).

dudc viét lai dusi dang

Diéu nay dé ching t6 ring f 1a hing s6. Lay 1 < a < b. Ta xét

1
To=a,Yo = b, Tip1 =2 + —,Yiy1 = Yi + —.
Ti Yi

1
1. o .
Viz+ — latang v6i x > 1 va
x N
4(1:—1—) 2x2+2,
x
ta c6 x; < y; va x;,y; nho tuy y. Cha ¥ ring

1 1
o —y— ol <oy
T Y

v6i z,y > 1. do d6 |x; — y;| < |a — b|. Vi vay

lim (f (20) = f (yn)) = 0.

n—oo

Nhung f(z,) = f(a), f(yn) = f(b). chiing ta c6 thé két luan ring f(a) = f(b). Ta dugc diéu phai ching
minh.
Bai toan 101. (Sankt-Petersburg) Tim tat cd cac ham s6 lien tuc f : R — R théa man rang

f(f (@ +y) = @)+ fy). (0.4)



Loi gidi. Ta quan sat thiy rang néu f théa man phuong trinh thi khi d6 f + ¢ ciing thdéa man phuong
trinh véi ¢ 1 hing s6 thie. Do d6 ta c6 thé gid st ring f(0) = 0. Thay 2 = trong (0.4), ta dugc

Do d6 f la mot ham s6 dong nhat trong Im(f). Ching ta sé c6 gang ching minh tang f 1a ham s6 dong
nhéit hodc f = 0. Ta thay ring, didu nay duge chiing minh néu ta chitng minh duge réng Im(f) = R hoac
Im(f) =0. Vi fla mot ham lién tuc, ta thay rang f(t) # 0 khi d6 Im(f) chita &nh cta [0;¢] dudi téc
dong f, n6 1a mot khoang c6 chita 0. Khong mat tinh tong quét, gia st rang f(t) > 0. Xét A 1a tap hgp
clia tit cd a thda man ting [0;a] trd thanh Imf. Dat b = supA. Néu b < oo khi d6 ta c6 thé tim ¢ = f(z)
théa man ring ¢ > 2. Khi do, ta c6

f(f(2x)) =2¢ > 0.

t tinh lién tuc cta f ta két luan ring [0;2c] diéu nay la mau thuan véi gia tri 16n nhat ctia b. Do d6
b= oo va RT tré thanh I'mf. Chi y ring

0=f(f(0) = f(f(z —=)) = f(x) + f(—=)

vivay f(—z) = —f(z). Do d6 f la mot ham hing hodc mot ham s6 ¢6 dang f(x) = x + ¢. Phuong trinh
téng quat ciia phuong trinh nay sé duge xét & phan ké tiép.
Bai toan 102. Tim tat cAc cip ham sb lién tuc f,g: R — R thoéa mén ring

f(@)+ fly) = g9(z +y)
Loi giai. Ta thiy ring
fl@+y)+ f(0) = f(z) + f(y) = g9(z +y),

do dé 1a mot ham cong tinh. Vi vay
fley=a+c¢

v6i moi hing s6 ¢ va do d6
g(z) =z + 2c.

Bai toan 103. Tim tat ci cac ham s6 f : N — N thoa mén ring
f(m® + f(n)) = f(m)? +n. (0.5)
Loi giai. Ta thay ring f 13 don anh vi néu

f(n1) = f(n2)

thay n = {n1,n2} vao (0.5) ta dugc
ny = ng.

Stt dung diéu kién ctia gia thiét va tinh don 4nh ciia f ta duge
F(ma)? +n1 = f(ma)? +ny
néu va chi néu
mi + f(n1) = mj + f(ng).
Diéu nay chiing to6 rang
ning = f(mo)? — f(m1)?

néu va chi néu
f(n1) = f(n2) = m% - m%.



Néu z —y € S trong d6
S:{a27b2|a,b€N}

khi d6 f(x) — f(y) chi phu thudc vao x —y. Vi vay ta c6 thé viét
f(x) = fly) = g(z —y).

Nhung S chua céac s6 nguyen, khong 14 2 mod 4 ho#c +1 hodc +4 (trong hai truong hop sau diéu nay bét
budc a ho#ic b bing 0). Néu x — y = 1 khi d6

f@) = fly) = f@) = fle=1) = f(2) = fle+T) + fla+7) = fle—1) = g(=7) + 9(8).
Néu ta thay g(—7) 4+ g(8) = a vao (0.5) khi d6 f(z) — f(z — 1) = a so
f(z) =azx+b.

T day, ta suy ra
a(m?+an+b) +b=(am+b)?+n

hoac
am?® 4+ a’n +a(b+ 1) = a®>m? + 2abm + n + b

va so sanh sy tuong tng giita cac hé s6, ta duge a? = a vi vay a = 1 (a khong thé bing 0 vi ham s6 nay la
ham hiing, diéu nay 13 dé thiy). Do d6 2ab = 0, ta dugc b = 0. Vay, f(z) = 2 vA n6 théa man diéu kien
bai toan.

Bai toan 104. Tim tat ci cdc ham s6 f: R — R théa man ring

f(f (@) +yz) =z + f(y)f(2). (0.6)
Loi gii. f 1a mot don anh vi néu thay z = {z1, 22} vao (0.6) v6i f(x1) = f(z2) ta sé duge z1 = xo. f
ciing 1a mot toan anh vi néu chiing ta ¢d dinh y,z & vé phai cia (0.6) thi khi d6 vé phai 1a mot ham s
bac nhat theo bién y nén 1a 1 toan anh. Didu nay din dén f 14 mot todn anh. Ly 21 vé6i f(z1) = 1 and
thay ¢ = x1,2z = 21 vao (0.6), ta dugc

f(f(@) +yz1) = fy)
tinh don anh ctia ham s6 f di suy ra rang
fO)+yz =y
v6i moi y, diéu nay chi c6 thé xay ra néu f(0) = 0,2, = 1. Vi vay f(0) = 0, f(1) = 1. Tiép theo thay
y = 0 vdo (0.6) ta dugc
f(f(z)) = .
Thay z = 1,2 = f(u),y = v vao (0.6) ta dugc
flutv) = fu)+ f(v).
Do d6 f cong tinh. Thay z = 0 vao (0.6), ta duoc
flyz) = f(y)f(2)

vi vay



do d6 f 1a duong trén R. Vi f is additive,f 1a ham ting. Vi vay f(z) = cz va do f(1) = 1 ta két luan
rang f 14 mot ham s6 dong nhéat.
Bai toan 105. Tim tat cd cac ham s6 f : R — R thoa man

F(f(@)? +y) =2+ fy). (0.7)

Loi giai. Néu f(z1) = f(x2) khi d6 thay z = 21,79 ta duge 27 = 23 vi vay 22 = +x;. Xét ham s6
f: RT — R dugc xic dinh béi
h) = (V).

Ta c6 thé viét diéu kien dé bai cho duéi dang

f(h@) +y) =z + f(y)
for 2 > 0. Khi d6
f(h(u) + h(v) +y) =u+ f(h(v) +y) =ut+v+ f(y) = f(h(u+v) +y)
Vi vay,
h(u) + h(v) +y = £(h(u+v) + y).
Trudng hop h(u) + h(v) +y = —(h(u + v) + y) 14 khong dang véi moi y, vi vay véi moi y, ta c6

h(u) +h(v) +y = h(u+v) +y.

Do d6 h la cong tinh. Vi h 1a khong am theo dinh nghia, h(x) = cz where ¢ > 0. Do d6 ta c6 thé két luan
ring
f(z) = /.
Khi doé
flex® +y) =2 + f(y).
Néu f(y) = —Vcy,y # 0 thi
flea® +y) = 2® — ey
vi vay
fHea® +y) = (2 — Vey)? # (ca® +y)2
v6i mdi z, vi
(2* = Vey)? = (ca® +y)?
la tuong duong véi
(¢! = Da* +2(c+ Ve)yz + (1 — *)y* = 0.
T day, ta duge f(y) = \/y. Trong trudng hop nay, ta cé
(2* + Vey)? = (ez® +y)*.
V6i z = 0 déing thiic trén tré thanh cy? = y? vi vay ¢ = 1. Vay f(z) = 2 v6i moi 2. Ham s6 nay thoéa man
diéu kién ctia bai toan.
Bai toan 106 (Tong quat bai toan 92). Tim tat ci cac ham s6 f : RT — R théa man ring

flaf(z) + f(y)) = f2(2) +y (0.8)

véi moi x,y € RT.
Loi giai. Bai toan nay chi khac bai toan 92 & gia thiét R dugce thay thé bsi RT nhung diéu nay lam ting
do khé clia bai toan. Vi du ta khong thé sit dung gid tri £(0) (nhu ching ta da lam véi bai toan 92) dé



tinh cac gia tri clia f tai nhitng s6 duong. D6 14 1i do tai sao, dau tién ta sé quy vé phuong trinh cong
tinh Cauchy Thay f(1) = a vao (0.8), ta dugc

f(Fy) +a)=a®+y (0.9)
f(zf(x) +a) = f2(z) + 1. (0.10)
n6 suy ra tir (0.9) ring

fy)+a+ad®=f(f(fy) +a)+a) = fly+a+d®).

Bing phuong phap quy nap toan hoc theo n, ta dugc
fly+n(a+a?) = f(y) +nla+a’) (0.11)
v6i moi n € N. Mat khac, (0.9) va (0.10) suy ra ring

af(@)+a+a® = f(f(zf(x)+a)+a) = f(f*(x) +1+a)

Két hgp diéu nay véi (0.8), ta duge

FUFFP @) +1+a)+ f(y) = faf(@) +a+a® + f(y))
= f*(x) +y+a+ad’ (0.12)

Tit (0.9) ta suy ra ring ham s6 f(x) dat gia tri 16n hon a? va do d6 ham s6 f?(x) + 1 + a dat gid tri tuy
¥ 16n hon a™ 4+ a + 1. Do d6, ta dugc

f(f(@) + fly) =z +y+a -1 (0.13)

v6i moi x > a* +a+1,y > 0. Tt (0.11), ta suy ra rang (0.13) 14 ding v6i moi ,y > 0. Lay z,y tiy ¥ va
chon n € N théa méan ring
z+n(a+a®) >a* +a+1.

Khi doé
F(f(@) + f(y) = f(f(x +nla+a®) + fy)) —n(a+a?)
=z+nla+a®)+y+a®—1—-n(a+a?
=z+y+a®—1.

Thay = va y tuong tng véi f(z) va f(y) trong (0.13) ta dugc
fla+y+2a%) = f(z) + f(y) +a® - 1. (0.14)

Do do
flx+2a%) + fly—2d%) = f(x+y+2a®) +1—a—a= f(z) + f(y).

Diéu nay chitng t6 ring

flz+2d%) — f(z) =0
v6i moi x € RT, trong d6 b 1a mot hing s6. Thay g(z) = f(z) + ¢ where ¢ = a®> + a — 1 — b. Then (0.14)
c6 thé duge viét dusi dang

g9(z +y) = g(x) +9(y)
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v6i moi z,y € RT. T f(x) > 0 ta thiy ring g(x) > ¢ v6i moi x € RT. T két qua bai toan 99, ta duge
g(x) = g(1)z, diéu nay suy ra rang f(z) = g(1).z — ¢ véi moi z € RT. Ta thiy ring nhitng ham s6 nay
théa man diéu kién bai todn néu va chi néu f(z) = z v6i moi x € R™.

Bai 107. (Bulgaria '2004) Tim tat c& cac ham s6 f : R — R sao cho:

Tty

y) — f(2) + (). (0.15)

() — F)f (

T —

v6i moi x # y.
Loi giai. Theo (0.15) ta thay = # y va f(z) = f(y) thi f(z) = f(y) = 0. Bay gio, gia st f(a) = 0 v6i mdi

a # 0. Khi d6 hodc f(x) = 0 hoac f (i—i—Z) = 1. Vay, néu f(x) # 0 v6i mdi z, thi
r+a 1+4+a
() )
T—a 1—-a
Tit chitng minh trén ta thiy ring
z+a l+a

r—a l—a
tie 1a x = 1. Vi vay, f(x) =0 véi x # 1.
T (0.15) cho thay f(1) = 0. Vi vay, hodc f = 0 hosic f(z) # 0 v6i z # 0. Ro rang, ham s6 f(z) =0
hién nhién 1a théa man (0.15).
Bay gio, xét f(x) # 0 v6i x # 0 khi d6 f 1a mot don anh. Vé6i y = 0 ta co
f)(f(1) =1) = fFO)(f(1) +1).
Vi f khong phai 1a ham hing nén f(1) =1 va f(0) = 0. Thay y béi zy trong (0.15), ta co:

L+y\ _ flx)+f(y)
f<1—y>‘f<x>—f<xy>

Dic biét

(1) L
1—y fy)
T d6 f(1) = 1, diéu nay cho thay

Dé dang thiy diéu nay tuong ducng véi:

fxy) = f(x)f(y),

trong d6 f 1a mot ham nhan tinh. Khi d6 f(2?) = f2(x) = f?(—z) va tit tinh don anh clia f cho thiy
f(x) = =f(—x) >0 v6i x > 0. T (0.15) ta duge f(z) > f(y) v6i >y > 0. Khi d6 lgf(e”) 1a mot ham
cong tinh tang chit va do d6 f(z) = x%véi x > 0. Thay ham s6 nay vao (0.15) ta dudge o = 1, nghia I
f(z) = 2 v6i moi z.

Bai toan 108 (An Do 2003) Tim tat ci cac ham s6 f : R — R sao cho:

fle+y) + f(@)f(y) = f(x) + fy) + fzy) (0.16)

v6i moi x, y.
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Loi giai. St dung (0.16), v6i moi z thudc R ta duge
flety+z)=f@)+ fly+2)+ flay+zz) - f(@)fly+2) =

f@)+ Q= f@)(f(y) + f(2) + fy2) = f(y) f(2))
+f(@y) + flzz) + f(22yz) — fay) f(zz) =
@)+ f) + f(2) + flzy) + flyz) + f(za) + f(2) f(y) f(2)
—f@)f(y) = fW)f(2) = f(2)f(z)
+f(x2yz) — f(2y) f(z2) — f(2)f(y2).

Vi biéu thitc ¢ dong cudi 1a mot dang dbi xitng ctia z, yz, nén didu nay suy ra ring

F(@®y2) = f(zy) f(e2) = f(2)f(yz) = f(zy?z) = flay) fy2) = f(y) f(z2).
Véi y = 1 ta dugc
f(@?z) = (a = 1) f(x2) + f(x) f(x2)
trong d6 a = 2 — f(1). Mit khéc, (0.16) ching t6 ring

f(@?z) = f(x+a2) + f2)f(22) — f(2) — f(2z).
Do doé
flx+zz) =af(zz) + f(x).

Véi z = 0 ta duge af(0) = 0.
Néu a =0 thi f(1+2) = f(1), nghia la f = 2.
Véi £(0) = 0. Khi d6
f(z) = —af(-2) = a®f(x)

va do dé hoic f = 0,hodc a® = 1.
Néu a=—1thi =3 = f(1) = f (3) — f(3) = 0,a. Diéu nay la mau thuan.

Véia = 1. Dat 2z = 2 thi khi d6
4
flx+y) = flx)+ f(y)

v6i moi  # 0 vA v6i moi y. Ta thiy ring két qua nay ciing ding véi = 0. Tt (0.16) , ta suy ra ring

flxy) = f(x)f(y)-

Khi d6
f@+y) = f@) + (V)2 = f(z)

v6i y > 0. Do d6 f 14 mot ham cong tinh va tang va do d6 f(z) = f(1)x = x. Vivay, f =2, f =0 hoic
f(x) = x. R6 rang céc ham s6 nay théa méan diéu kién bai toan.
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BAI TAP
Bai toan 1. (Bulgaria, 1994) Tim tat cd cac ham so:f : R — R sao cho:
wf(x) —yfly) = (@ —y)f(z +y)
vdi mot x,y € R.
Bai toan 2. Tim tat cd cdic ham sé:f : R — R théa man:
fle+y) + flay) = f2)f(y) +1

Bai toan 3. Tum tdt cd cic ham s6:f : R — R sao cho:

f(Fm) + f(n)) =m+n

vdt moi m,n € N.

Bai toan 4. Ki hiéu T la tap hop cdc s6 thuc lon hon 1. Cho n € N,tim tat cd cic ham so:f : T — R
sao cho:
FE™ 4y ) =2 f(z) + 4" fy)

v6i mot x,y € T.

Bai toan 5. (Russia '1993). Tim tat cd cdc ham so:f : RT — RT sao cho:
Fa) = £y

vdi moi z,y € RT.

Bai toan 6. (Bai todn tong qudt cia Bai 94) Tim tat cd cic ham so:f : RT — R bj chan trén mot
khodng va théa man:

fxf(y) =yf(x)

vdi moi x,y € RT.

Bai toan 7. (Bai todn tong qudt ciia Bai 95) Cho S la tap hop tat cd cdc s6 thc lon hon -1. Tim tat cd
cic ham s6: f : S — S bi chan trén mot khodng va théa man:

fla+ fly) +2f(y) =y + flz) +yf()

vdi moi x,y € S.
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Bai toan 8. (IMO 2002) Tim tdt cd cic ham so:f : R — R sao cho:
(f(@) + )W) + f(t) = flay — 2t) + f(at + yz)
vot moi x,y, 2, t € R.
Bai toan 9. (Korea 1998) Tim tat cd cdac ham so:f : Ng — Ny théa man:
2f(m* +n?) = f(m)* + f(n)?
vdi mot m,n € Ny.
Bai toan 10. Tum tdt cd cdc ham so:f : R — [0;4+00) théa man:
f@® +y?) = f(2® —y°) + f(2y)
Bai toan 11. Tum tdt ca cic ham s6 f : R — R sao cho:
Fly+=f(z) = fly) +2f(2)
Bai toan 12. Tum tdt cd cic ham s6 f : R — R sao cho:
f@f(z)+y) =2f(z) +y
Bai toan 13. Tim tdt cd cic ham s6 lién tuc f : R" — R théa man:
flz, 2o, cszn) + fF(Y1,Y2, - Un) = f@1+ Y1, -, T + Yn)
Bai toan 14. Cho s6 ty nhién n > 2, tim tat cd cdc ham s6 f : R — R sao cho:
fE"+ f(y) = f"(x) +y
vdi mot x,y € R.
Bai toan 15. Cho n > 3 la mot s6 nguyén duong. Tim tat cd cac ham lien tuc f :[0;1] — R ma
f@) + f(@2) + ..+ flzn) =1

trong d6 x1,x2,...,x, € [0;1] va 21 + 22+ ...+, = 1.
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